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^ ' Abstract 

' We proceed with the investigation of a method of quantization of the 

observable sector of closed bosonic strings. For the presentation of the 
f^*) . quantum algebra of observables the construction cycle concerning ele- 

ments of order ft 6 has been carried out. We have computed the quan- 
C^l , turn corrections to the only generating relation of order h 6 . This relation 

■ is of spin-parity J p — + . We found that the quantum corrections to 
^ (— I this relation break the semidirect splitting of the classical algebra into 

Q , an abelian, infinitely generated subalgebra o and a non-abelian, finitely 

I 1 generated subalgebra il. We have established that there are no ("truly 

i^h | independent") generating relations of order h 7 . 
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1 Introduction 



Closed bosonic strings can be described by an infinite set of parametrization 
invariant generators and their algebra. On the classical level they form a Poisson 
algebra (PQ). Without loss of generality we restrict ourselves to the investigation 
of the subalgebra of "right-movers" h - , or rather to its quantum counterpart h - . 
Furthermore, we consider the case of massive strings moving in 1+3 dimensional 
Minkowski space. 

In the following it is assumed that the reader is familiar with the content of 
ref. pQ (for a recent review, cf. ref. 0]). In the present letter, we will adhere to 
the notation and terminology employed there. 

f)~ carries an N-gradation in the 2^7-scaling dimension of its elements (a' 
denoting the inverse string tension), for short in "powers of K\ Moreover, t)~ 
carries a representation of the 0(3) symmetry of the target space. Hence, its 
elements can be organized in powers of h and in so(3) spin-parity multiplets, 
denoted by J p . The spin of a given multiplet in the algebra will be indicated 
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by a subscript. In particular, commutator ([•,•]) and anticommutator ({•,•}) 
operations can be organized to yield so(3) multiplets again: let [•, -]j and {•, - }j 
be the respective spin j multiplets. 

In ref . t l , an algorithm has been given for the construction of a presentation 
both of the classical and of the quantum algebras, starting from the spin operator 
Ji of order h and the elements 5 l5 S 2 , % and B^oi power ti 2 and subsequently 
increasing cycle by cycle the fi.-power by one, introducing new generators B^ l+1, 
of the subalgebra a in every even order h 2l+2 , I = (0), 1, 2, . . .. Recall from ( 1 , 

p. 25]) that J u S u S 2 , % and s£ 2m) are of spin-parity 1+, 1", 2", 2+ and 0+ 
respectively. 

The consistency of the results of the previous cycles of this algorithm, in 
particular their agreement with the guiding principle of structural correspon- 
dence between the classical and the quantum algebra, has been proved recently 
by Meusburger and Rehren (0]). 

On the classical level, the set of elements Ji, S lt S 2 , % generates a Poisson 
subalgebra it of t)~, while the infinite set of elements B^ l+1 ] I = 0, 1, . . ., forms 
an abelian subalgebra a of I} - . Moreover, it has been observed previously that 
the two Poisson subalgebras a and it of I} - , at least up to a "grade" (0 p. 27]) 
which would correspond to order h 8 in the respective quantum algebras, are 
disjoint and that the Poisson bracket action of the first two elements of a, Bq 

" (3) 

and Bq , on the elements of il is semidirect. Among other things our analysis 
below will clarify the relevance of this observation for the quantum algebras, 
with d and il denoting the respective quantum counterparts. 



2 Presentation of the results 

We have computed the cycle of "degree 5" pp. 39]) concerning all the 
relations in il of order h 6 . 

For this, the only new generating relation of order h 6 had to be taken into 
account. The classical version of this relation has been calculated by one of us 
(G.H.), after its existence had been established in the course of the computation 
of the quantum action of the generator B^ on the elements of it ( 2 ). The 
complete quantum relation is given in the appendix. The fact that this relation 
appears to be a rather long expression depends crucially on the basis chosen 1 
in order ft 3 and higher. Its existence and content, however, are independent of 
the choice of such a basis. 

1 In our algorithm, this basis is determined by the order in which the elements of a given 
power in h are to be arranged. For instance, for pure commutator basis elements, apart from 
the general techniques developed by M. Hall ([3]) for the presentation of free Lie algebras, we 
have, roughly speaking, chosen the following scheme. (The treatment of pure anticommutators 
and mixtures of commutators and anticommutators proceeds similarly - it can be deduced 
from the arrangement of the terms in the 0+ relation.) First, sort the pure commutator 
terms by the number of times each of the generators T2, S 2 , Si occurs separately in each term. 
Introduce the ordering T 2 > S 2 > Si . Arrange the expressions with equal numbers of occuring 

1S2, Si according to the length of the longest unintcruptcd iterated commutator, i.e. of the 
longest sequence of the form (we suppress the spin subscripts) [ — [[g, g'], g"], ■ •• ,g^], where 
the denote generators. Then, arrange all pure commutators according to the following 
rules (let / and g be pure commutators): [f,g]i > [f',g']i' if / > /' or if / = /' and g > g' , 
or if / = /', g = g' and I > I'. 
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For the definition of the quantum relation, the most general correction term 
has been added, introducing 14 parameters of order h, 12 of order f? and 2 
of order ft 4 [sic!]. Note that there are no elements of the algebra fj - that are 
of order h 3 and spin-parity + ([U p. 27]); hence, there cannot be any h 3 
correction terms. Among the added terms which are linearly independent of each 
other, there are exactly two, fig and B^\ fr° m the infinitely generated abelian 
subalgebra d. Their pertinent coefficients will be denoted by x\ and . They are 
of respective order ti 2 and H 4 . At first sight, two more H 4 correction terms (other 
than B^) seem to be allowed, to wit the anticommutators {{Ji, Ji}q, Bq^}q 
and {Bq 1 ^, Bq^}o- However, a computation reveals that e.g. their commutators 
with <Si yield two polynomially independent elements not contained in it which 
cannot be compensated by other commutators. On the other hand, by the 
already established correspondence between classical and quantum algebras in 
the subleading orders of h, there is no room for additional relations (below h 6 ). 
Therefore, the respective coefficients of the above mentioned terms must vanish 
in the quantum relation. 

Following the construction algorithm with the help of computer-algebraic 
software 2 we have obtained the following results: 

1. The cycle of induction into the J p = + , ft 7 -sector shows that vanishing 
coefficients have to be assigned to all of the 14 correction terms of order 
h, in accordance with the Z^-grading of the quantum corrections that has 
been observed in ref. ^ p. 48]. 

2. All of the relations of order H 7 can be obtained by the induction of relations 
of order h 4 and lower. This observation is based on the fact that the 
number of independent elements of a given ft-power and spin-parity is 
known explicitly and the fact that there do not exist generating relations 
of order H 5 . In other words, granting the knowledge of the B^- and /En- 
actions on (Si, <S 2 , %s (the former being given in ref. pQ, the latter in ref. 
0), the set of relations given in ref.pQ plus the sole generating relation of 
order H 6 gives a complete description of the finitely generated ii-part of 
the algebra of observables at least up to order H 7 . 

3. Regarding the requirement of correspondence, no restrictions on the (as 
yet undetermined) parameters /, g±, gi have been found. (These parame- 
ters have been introduced in the course of definition of quantum relations 
of lower power of h in ref. p. 44] and ref. Should their values ever 
be determined in cycles of higher power of h, they will assume rational 
values, cf. ref. |I] p. 47].) However, all of the 12 surviving il-contributions 
to the quantum correction of the h 6 , + relation can be expressed in terms 
of / and g2- More precisely, the eleven coefficients of order H 2 are linear 
functions of /, and the remaining h 4 coefficient is quadratic in / and linear 
in g 2 . 

2 We are using Mathematica routines that have been developed by C. Nowak and G. Han- 
drich in the course of their lower /l-order investigation (|2]). In order to cope with the sheer 
numbers of equations and variables occurring at the present border - in some sectors, systems 
of as many as 10 4 equations in around 10 4 variables arise - we have translated part of the 
routines into the symbolic manipulation language FORM 0. 
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4. The parameter x\ that describes the contribution of £>q in the quantum 
relation turns out to be nonzero. The numerical value for x\ can be 
inferred from the quantum relation given in the appendix. The fact that 
X\ is nonzero means that the semidirect decomposition of the classical 
algebra fj~ into a sum of the abelian subalgebra o and the finitely generated 
subalgebra il cannot be carried over to the quantum case. 

At hindsight, one could have anticipated that elements from the abelian 
subalgebra d had to be included in the quantum corrections to the new 
classical generating relation: observe that the generating relation of order 
h 6 is the first encounter with such a relation of characteristic J p — + and 
that, in addition, it is of even order in powers of h, invoking, in accordance 
with the Z^-grading, + quantum corrections of even orders in powers of 
h. The generators of the abelian subalgebra, B^ L+1 ) I = 0, 1, 2, . . . are all 
of this type. Thus they must be considered as candidates for the quan- 
tum corrections. Moreover, for every generator 3 S 1 , S 2 , T 2 there is exactly 
one way to induce such a relation together with its most general quantum 
correction into J p = 1~,2~,2 + relations of fi-order increased by one, re- 
spectively. Further, for the present case, notice that there are only three 
Lie-type basis elements (i.e. basis elements that can be expressed as pure 
commutators of the generators) contained in the vector space of charac- 
teristic fi 4 , J p = + , not belonging to the subalgebra d. Hence, upon the 

"(3) 

above inductions - apart from the generator B Q of the abelian algebra 
d - only these three elements give rise to linear combinations of Lie-type 
basis elements of order h 5 (besides elements not of Lie- type). In other 
words, at most three linearly independent such combinations contained in 
the pertinent vector spaces can be obtained in turn by this procedure. 
However, this number is rather poor in comparison with the numbers 16, 
15 and 14 of Lie-type elements of the respective vector spaces. Small won- 
der that assistance by the generator B of the abelian subalgebra is badly 
needed as an additional quantum correction, which, upon the inductions 
by 5i , S 2 and T 2 , each time gives rise to one additional independent linear 
combination of Lie- type basis elements of order h 5 , among other things. 

Because of the ambiguity in the definition of the subalgebra d (0, see also 
ref. 0]), one might hope that by a different choice for the generators 2?q 2 ' +1 ' > 
of d the (quantum) breaking of the semidirect splitting (of the classical 
algebra t)~) could be avoided. This is in fact impossible, since already 

n (3) 

for the present case every different choice for the generator Bq in the 
S 4 -power quantum corrections to the generating fi 6 -0 + -relation results in 
a mere redefinition of some of the coefficients of the il-terms in this part 
of the relation. 

5. The other parameter, X2, characterizing the B^ dependence, is given as 
a function linear both in / and in g\. 

Using a concrete realization of the algebra of observables, Meusburger 
and Rehren found the variables /, g\ and g2 to take on certain rational 
numbers, the latter property in agreement with the results of ref. pQ. 

3 In this argument, we disregard the generator Bq 1 ' because it commutes with the Bq~*~- 
quantum corrections by construction. 
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Insertion of these values into the formula for X2 reveals a non- vanishing 
contribution of to the quantum corrections as well. 

A conservative a priori estimate would suggest that the parameters of the 
quantum corrections would be roughly tenfold overdetermined. As yet, the 
reason for the fact that they are not overdetermined has not been identified in 
terms of special properties of the generating relations and the actions of B^ l+1 ] 
1 = 0,1,2,.... Instead, Meusburger and Rehren (^]) give a reason in terms of 
the properties of an embedding algebra. 
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A The defining relation of order h 6 

In order to make the elements of the quantum algebra of observables and their 
relations scale invariant, and in order to make contact with refs. and |2] 
easier, the generators j u S u S 2 , % have been rescaled according to 

4 = (l^ 7 ) 4> 4 = (2^) 4> ^2 = (2^) X 2 

4(21+1) I h \ 2(1+1) 

The defining quantum relation with its quantum corrections fixed by consistency 
is given by the following expression. The rational valued parameters /, g± and 
<72 remain undetermined. 

= 

-i^^[[[t,4k4]xJ4,4] 1 ]o-io5^[[[t,4]x,4]=»[4>4Wo 
+ ^^[[[t,4] 1I 4] 1 :[4 5 4] 1 ]o-808iy|[[[4,4] 3 ,4]3,[t ) 4]3]o 

+ ^A/i[[[4>4]3»4] 3 Jt,4]=]o+88HVT[[[4 ) 4]= ! 4]3.[t ) 4]s]o 



+ ^f 1 [[&,4h.«U> [t.4lJa - 273 z ^/f[[[4,«U>'U> itAtto 

-424y^[[[[t 2) 4]^4] 1 >4] 1 >4]o + i7o^[[[[t,4] 1! 4] 2 .4] 1 >4]a 
+2i4 A /i[[[[t,4]x>4] 1 .4] 1 »4]o-53x^5[[[[t,4] 1 .4]o,4] I >4]o 

+ 25200^{[[[4,4] 1 ,t] 1 ,tj 1 4x}o + n0315y / J{[[[t 3 ,4] 2! 4]3.t] 1 4 1 }c 

-372614yj{[[[t,4k4kt] 1 4jo+^V2{[[[t.4] 2 »4] I ,t]x4 1 }c 
- 30876^{[[[t,4] 1I 4]2,t2] 1 ^Jo + ^V6{[[[t2,4] 1I 4] 1 >t2] 1 ^ 1 }o 

_ 10 931 782 ^J~6 {[[^ 2) ^J 3) [^ 2 , 4]s]i) 4)o 

+ 3277904^/A{[[t 2 ,4k[t.4H 1 4 1 }o 

+ 655|548 V2{[[t 2 ,4] 2 - [t^JJx.^Jo 

-656256v^{[[t J 4]iJt.4]Ji.^}o-^^/f{[[4>4]iJ4.4]i]i4 l }p 

_ 32 359^359 1 /T {[[[^ ^J 2) <^J 2) 4]i> 4}o 

+ ^^ i A /|{[[[4 5 4]-4] 1! 4] 1 ^ I }o 

825 828 733 j /Trrrrc CI CI CI V" "L 
189 V 3 UIM2' MiJi> SiJajMiJn Mi Jo 

2 890 226 561 j /Trrrrc CI CI CI & X 

578 V 5 uLW 2 'MiJii MiJu AJi, Mi Jo 

+ 23 59 4 725 1181 y T5 {[[[4' 4h> 4]"' 4]i' 4}» 
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y^{[[[4,4] 1 ^ 1 ] 1 ^ 1 ] 1 ,^ 1 } - 10882 V / i{[[t 2 ,4]3,t] 1 ,4}o 



+ 17848*^ {[[X 2 ^ 1 ] 2 ,T 2 ] 2 ^ 2 } + 3 792^i{[[X 2 ,^ 1 ] 2 ,T 2 ] 1 ^ 1 }o 

- 25 928iv^{[[t,4]i.t] a .4}o-1212>/3{[[t,4]i.t]i.4}o 

_ 98 796 i {[[^ 2 ,^J 2 ,'^' 2 ] 2 ,'^' 2 } + 27 S ^ 6 1 V^{[[4>4]i>T 2 ]2,T 2 }o 

+ 19 75 78 \fk {[[T 2 >4]3j4]2>T 2 }o + 34 i5 92 \J\ {[[T 2 ' ^Jaj 4j2 7 T 2 }o 

-^>/3{[[t.4]i.4] a .t}o + 9492v^{[[4,4 1 ]„4] a ,4} 

- 3836^ {[[4,4] 2 ,4] 2 ,4} + ^p v /|{[[4,4] 2 ,4] 1 ,4} 
-^>/3{[[4,4 1 ]i,4] a .4}o + i439i > /f{[[4,4] 1 ,4] 1 ,4} 
+ {[tMJi.-U^Jo + v^{[t. tli. [4,4h}o 
+ s yj{[t, tli, l$Mh ^{[t,4k, [t,4]Jo 

_ 3 144i ^{[^,4]!, [T 2 ;4]i}o ~ ^iP {[T 2 >4]oi [T 2 >4]o}o 



~3 522V7{[X 2 AJ 3 dtAMo- 1 ^^A^lhdX 2 A 1 h} 

- 1392^{[t,4]i.[t,4]i}o + 784V^{[4,4]„[4,4],} 

+ 1 708 V5{[4,4] 2 , [4,4] 2 } - V3{[4,4h, [4,4h}o 
-i84H V ^{[4,4] 1 j4,4]j + imv3{[[t 2 ,t 2 ] 1 ,t 2 ] 2 ,u 1 ^ 1 } 2 }o 



14 175 V 5 
233 715 466 133 i f 1 



9 450 V 70 

531966 503 i [~2 



70 {[[4'4]2'T 2 ]2!{^"lI^l}2}o 



2 025 

_|_ 51|_2^1_4749874 ^/T j 4]u ^ 2 ] 2 , { 1 ^ 1 , 1 X 1 } 2 }o 

1 21685 633 366 363 /T rrr<f- CI CI /V" V~ 1 "l 
~T 1275750 Y 7 iLtA 2 5 c \iJ3)MiJ2) l<J(i) <J(iJ'2J0 

, 1 240 597 014 967 fl rrr-7- pi pi r y- V" 1 1 
"'" 72900 y 5 IUA2' t AlJ2) MiJ2: \«J(i) vJd/2/0 

283 500 

_|_ 236 150 183 yGI {[[^ 2) 4]u 4]oi {^fii »Ti}o}o 

-^ v ^{{[t,t]i,t}i.^}o + ssa ^ aa v^{{[t.4]i,4}i,^}o 

_ 87 423 547 i [E ( C ] O 1 \T \ _ 29 973 292 978 i /Tff[Y <? 1 t? 1 Vr 1 

189 Y 3 iuA 2 ! M2J1' MiJH 525 Y 15 <■ <■ M2J01 MiJH >-A 1 Jo 

265518812, /T {{ ^ ^ ^ _ 9 114384911* /T {{ fc£ 
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, 1839 347 537 / 1 r rr/f- c 1 c\ >7 \ ^_ 10 848 857 113 i pi r rr/f- c 1 C \ V7 \ 
"I 27 V 30 lUA 2 'MiJ2,q 1 ii, Jd/o i §75 VottlAj^JnMjii, eXiJo 

31670 688 [2 rr\4- c 1 C \ >7 \ 3 013 633 886 i /Trrrc C 1 Tl V7 \ 
25 V 5 i.UA 2 >HiJi; A1J1; J(i/o 375 \J 7 ii IA 2 > A1J3, A2J i"J(iJo 



1 20 403 199 969 
~T 525 



v /i{{[4,4] 2 ,t 2 } 1 ,^}o 



\[\ {{[4>4]i>T 2 }i>4}o 



371 746 530 749 i 
7875 

234 320 627 / 1 rrrc CI ■T 1 #1 682 624 



y lottl^i^Jiitlii'tli 68 5 6 \Jl^i {{X 2 ' T 2 J2! T 2 }o 

767 912 IT r/r /C ? 1 1 307 388 i fT((/f- C 1 CI 
5 Y 35 t A 2 7 t < -\ 2 : < -\ 2 J2jo 5 Y 15 tt A 2 : M 2 J I'MlJO 

1MM ^{t,{4,4j^o- ffl ^^{[t.t]i.{{^.^}o4 1 }i}o 

+ c ' 
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5 630 367 098 038 i 



127 575 



^{[4,4)3. {{4,4/2,4}s}o 



i 2 636 102 359 228 j /J_rrc CI r r # #1 # 1 1 
14175 y 15 lM2' c \iJi! ll<-Ai! <-AiJ0) <-AiJiJo 

+ 7365 60 9 7 2 5 9648 ^{[4,4] 1 ,{U 1 4 1 }o4 1 }Jc 

_ 7 665 642 269 132 / 1 r r^r r V- # 1 1 

14175 Y 105 1 IA2' A2J25 i^l! <-AiJ 2/0 

1 19 829 436 064 fTrS'T 1 / V V\\ 
' 225 Y 15 A2JO' l^i' <-AiJO/o 

1 3 095 167 528 133 / 1 ( r c c 1 r # # \ \ 
" r 4725 Y 105 2 ' 2 l^i' J 2 J° 

_ 3 993 696 992 IT !! c CI r # #11 
25 y 15 ll^'^JO't^iMi/o/o 

1 513 902 779 661 i IT r r £ c 1 r # # 1 1 
~T 42525 y 30 iiM 2 >MiJ2> i«JU>«J\iJ2J0 

_ 915 331 544 ^/T {{4 , 4K) {4 ' 4} 2 }o + ^^Msf^ {{4 '4}°' {4' 4lo}o 

17 522 730 542 752 /T f-f S S S \7 # 1 # 1 #11 
33075 Y 15 2 ' "-ll^i' ^1 J°' ^lJ 1 ' M1J2/0 

^ 496 125° 75 y^5{{{{{4' 4}°' 4H> 4)°' 4} 1 ' 4}° 

- (^P 4 + 4 662/) i y/J [[t , 4] 2 , 4] 

- + 4662/) i yj[[4,4] 2 , tjo - (isps + 9 -^f) yf\ [lt.4li.4lo 



+ ( ™op + 8389263/)^{[T 2 ,tj4J» 

I 260 572 262 312 1 931 520 317 n „■ /7/rc CI #\ 

- y 14175 1 45 J) 1 V 5 T.[A 2 'AiJi>»J(i/o 

1 f 18 480 912 493 714 1 1771689 913 fv /Tnc CI #1 
V 70875 " l " 450 ■» / y 6 1 LHi> Mi Jo 

- (^iF 1 + )/F{t.t}o - - 490W) ^{4,4)0 

+ (16180048 _ 38094,) ^{^^ 

I / 324 253 499 648 732 , 1 411 823 717407 f\ IT r-f- r # #11 
^ ^ 165375 28350 ^ > \j 5 I A 2 1 Wi Mi J 2 Jo 

I / 2 843 448 661 981 888 , 8 793 725 709 388 f\ r { { XT #1 V"l V~ 1 
^ y 2480625 70875 i / t IW1M1JI)! ^lJinAiJo 

^ 1309 038 497 626 688 , 35 892 576 098 324 t , 7 805 728 654 ^2 VCOR/I^A fl f Kj V\ 
826875 1 23625 J H 75 J ~ ' 5 ZM 92> \J 3 |4i Mi Jo 

- 50 176 + C 5513 ^ 6864 + ^P 3 ^/ + 50 176 ffl ) ^ 

The last eleven lines constitute the quantum corrections to the classical 
relation. 
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